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We analyze the behavior of linear perturbations in vector inflation. In contrast to the scalar 
field inflation, the linearized theory with vector fields contains couplings between scalar, vector and 
tensor modes. The perturbations decouple only in the ultraviolet limit, which allows us to carry 
out the canonical quantization. Superhorizon perturbations can be approximately analyzed due 
to suppressed mixing between different modes in the small fields models. We find that the vector 
perturbations of the metric decay exponentially, but the scalar and tensor modes could remain 
weakly coupled throughout the evolution. As a result, the vector inflation can produce significant 
correlations of the scalar and tensor modes in the CMB. For the realistic models the effect is rather 
small, but not negligible. 

I. INTRODUCTION 

Theory of inflation relates the laws of physics at very small distances to observations at extremely large scales. An 
essential ingredient of the standard inflationary paradigm is a scalar field [H which looks like a disturbing restriction, 
especially because scalar fields are known not to be abundant in nature. In an attempt to cure the problem we 
proposed a new model of inflation where the quasi de Sitter expansion is driven by vector fields Q • It seems as the 
most natural step beyond the scalars, although the possibility of inflation with other fields were also analyzed in the 
literature. For example, the spinors [3], the dark spinors 0|, or even the spin fluid in the Einstein-Cartan theory 
with torsion [j| can be employed to drive quasi de Sitter expansion. The most interesting generalization of the vector 
inflation [2] to higher forms was implemented in Ref. [f|. 

To construct isotropic solutions one can consider purely time-like vector fields @, H, H, EBl which do not behave 
like genuine vectors but rather resemble some modified scalars. More realistically, an approximate isotropy can be 
achieved with a triad of mutually orthogonal vector fields [ll[ or with a large number of randomly oriented fields 
The well-known problem of the slow-roll [H] was resolved [2] by non-minimal coupling of vector fields to gravity. In 
general, the model can be described by the following action 



S 




N N 

iE^)-E^(^)) 

n=l 



dx 4 . (1) 



where /(„) = —A^A^ and F/$ = V ^A^ — V W A^ . In a spatially flat Friedmann universe the evolution of the 
homogeneous background fields in conformal coordinates is described by 

A Q = 

B'l + 2HB[ + 2V J a 2 B l = (2) 



where / = BiBi = B 2 ,Bi = ^l, and H = ~, and the Einstein equations can be written as 



B' 2 " 

m 2 = 8nN ( Va 2 + — ) , (3) 



2H' + H 2 = &ttN ( Va 2 - — J . (4) 

From the point of view of the background evolution, the proposed model is very similar to the scalar field inflation. 
However, in contrast to the standard inflation, the expansion in vector inflation must no longer be isotropic, which 
could lead to very distinct observational predictions. The current observational bounds on isotropy of inflation are 
very weak and one can easily allow ~ 10% of anisotropy. For example, the vector inflation with N ~ 100 randomly 
oriented vector fields can give rise to anisotropy of the order of — j= ~ 10% at the end of inflation. The anisotropy is 
washed out shortly after the end of inflation when the energy-momentum tensor becomes isotropic, but the signatures 
of anisotropic inflationary stage might still be observable. 
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A somewhat closer look at the proposed scenario had shown that models of large fields vector inflation (e.g. 

V = — m A £ A ) are generically unstable due to tachyonic behavior of gravitational waves [l3j. Nevertheless, the 
models of the small fields inflation (i.e. Coleman- Weinberg potential) are stable under tensor perturbations of the 
metric. The main objective of the current paper is to investigate the behavior of a general type of linear perturbations 
in vector inflation. 1 However, the proposed analysis can be applied to the model of inflation with vector impurity [l6j 
and to the models with vector curvaton (l7l |. 

The article is organized as follows. In the next section we derive the linearized equations of motion. In the third 
section we concentrate on the ultraviolet limit and quantize the perturbations of vector fields. The evolution of the 
long wavelength modes is analyzed in the forth section for the small coupling limit. In the final section we summarize 
the main results and discuss observational consequences of the correlations between scalar and tensor modes. 



II. LINEARIZED EQUATIONS 



To study the evolution of cosmological perturbations we consider small variations of the metric around a spatially 
flat Friedmann background. In conformal coordinates the line element is given by 

ds 2 = a {r)) 2 ((1 + 20) dr) 2 + 2V l d'qdx l - ((1 - 2-0) S tk - h ik ) dxidx k ) 
where V\ — 0, h\ = 0, h l j A — 0. General perturbations of the vector fields are described by 

6A a = (5A ,x,i + 8A^ (5) 

where SA 1 ^ = 0. Overall there are 2 + 2N scalar ((f), 0, SAq and x), 2 + 2N vector (Vi and SAj) and 2 tensor 
variables. 

The perturbed Ricci scalar and Einstein tensor are given by 

a 2 6R = 60" - 4A0 + 2A0 + 67i(0' + 30') + 240H 2 , (6) 



a 2 



a 2 5Gl = 2 A - 6H0' - 6H 2 (j> 

a 2 SG° k = 2 (0' + Hcj>) , k + \ A V k (7) 
SG{ = (-20" + A (0 - #) - 2H (<f>' + 20') - &(t>H 2 ) 8\ + (0 - 0) ik 
- \v'{i,k} - HV {lM + X -h!' lk + Wi' lk - \ A h ik . 

Variation of the energy-momentum tensor is a straight-forward but rather bulky exercise. For an isotropic background 

we have Y^n=i^\ A k n ' oc 6i k and the equations could be somewhat simplified since (AiA k ) = {A 2 ) 5\ = ^(B 2 )S l k . 

This assumption also implies J2n=i ^ifc^i ^fc — 0; since h ik is traceless. Linear terms in the Einstein equations 
read as (see Appendix A): 

j^STg = (2 {^A 1 ] + X -U 2 A 2 - HAiA'i) (0 - <f>) - WA? + ip'AiA'i + 2a 2 V.^A 2 (8) 
-A'i8A 0!i + H 2 Ai5Ai + 2a 2 Vj (A.SA^ - H (AiSAi)' + A\8A\ + \a, A 5 A, 

a *-ST° = (a^SAZ k] -(—- 2a 2 Vj) A k (5A + AM) - ±-A 2 A V k 



-HAj4, + -AiA'i (20 - 0) + i (AiSAi)' - HArfA^j \ (9) 



1 Some problems related to the linear perturbations in vector inflation have been already studied in Refs. [lil.[T9l|. See also 0,0 for 
linear perturbation analyses in other non-scalar inflationary models. 
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N k 



2 {~\ A * ~ ' l AjA " j + HA i A 'i) & - ® + A & + ^ + \ A l A 'i & ~ 2 ^ 

+HA 2 ij)' + 2 - 2a 2 V.^j A\i> + 2A' 2 - 0) + A'^Moj + (7M - 4) ^ - ~ (A^A,-)" (10) 

(A'j - HAj) 5A 3 + \Aj A SAj + A 2 (\ A (2<ip - <fi) -H (3^' + tf>') - 2—0 - V") 

+ 2a 2 Vj (Ml + Ai<5A,)] S{ - X -A) + 0) ifc - 4AAF// + 4 + ^A')) 

+ - 2a 2 V^j (A {l SA k} + h lit A k A 3 ) - ^.l .rt.l, + A' {< W fc} - A' {i SA 0<k} 

+ ^AjA'j (V {lM - h'ik) + -^A 2 (V Rfe} - h'ik)' + -^A 2 A h ik + A'kA'jhijS 

where the summation over j is implied. V, Vj and Vji are evaluated at the background values of / = B 2 and the 
terms with Vji can be further simplified by careful averaging. 

The perturbed equations of motion for each of the vector fields are 



■ + A'i + A (5A Q - X ') + ( — - 2a 2 Vj ) (SA + V^) = 



(11) 



2</>A"i - (0' + A'i - SAo'i - ASA? - A' k Vi,k + h' lk A' k + SA'( 



2a 2 V }I -±-)5Ai + 2^Ai (24>A 2 + 2A l SA l + AiAjhy) 



d 2 V 



dl 2 



(12) 



+ (V + ^ A (0 - 2ip) +H{(f>' + 3-0') + 20^- J A t = 0. 

Equations ®, |(9]), ifTOj) . ifTTj) and l[T2"Tl form a very complicated, but closed system. In what follows we analyze the 
perturbations in the ultraviolet (Section III) and infrared (Section IV) limits. In the Appendix B, for the purpose of 
completeness, we consider purely adiabatic perturbations which are not consistent with equations of motion. 

III. QUANTUM PERTURBATIONS 

In the short wavelength limit the terms containing less than two derivatives vanish and Eqs. ifTTj) and (fT2"l) imply 

SA = x ' (13) 



X " ti - 5A' Qti + SAf" - ASAf + U" + i A (0 - 2^)) A* 



= 0, 



where the later equation can be decomposed into vector and scalar parts: 

SAj" - ASAf = 



r + - A (0 - 2V) = 0. 



The 00 component of the Einstein equation 



(14) 



9 N 1 



(n) 
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yields 

n n 

and the ifc component gives the usual wave equation for gravitational waves together with an unusual condition 

= -V (16) 

which reflects the conformal nature of the theory in the large k limit. 

The Oz component of the Einstein equation simply implies that the vector perturbations of the metric are absent 
in the small wavelength limit. It follows from Eqs lfl4|) . ((T5)l . (fT3| and IjBip that Xi "4> an d 4> must satisfy the wave 
equations 

□X = □V' = □</> = 0. 

In summary, our model in the ultraviolet limit contains N nearly massless vector fields evolving according to wave 
equations, the free gravitational waves propagating in a locally Minkowski space, and scalar perturbations of the 
metric sourced by quantum fluctuations of the vector fields described by Eqs (fl5| and (fl6|) . To quantize the theory 
in this limit, we have to quantize 3N independent harmonic oscillators with an ultra- relativistic dispersion relation 
Wfc w k. Due to the Heisenberg uncertainty principle the amplitude of quantum fluctuation SBk ~ t= ~ From 

Eq. (Tl5|) the amplitude of tp for randomly oriented fluctuations is of order ^J^B. 

IV. SUPERHORIZON PERTURBATIONS 

The evolution of perturbations on the superhorizon scales is a bit more involved. To simplify the analysis and 
ensure stability of gravitational waves we assume the small field values B <C —?= , and a large number of the fields 

N 3> 1. In this limit the usual slow-roll conditions imply (see Ref. pj: 



Vt , 

~~v « 1 

V -^B± « 1. 
V 

and the terms with Vji are highly suppressed. 

The equations for superhorizon modes (k <C 1) can be obtained from Eqs. ifTTjl and (jT2j) by neglecting the terms 
involving spacial derivatives. The corresponding equations are 

((f> + ^) !i A' i + 2H 2 (SAo + ViA i ) = (17) 

(tp" + 2H^ - 4:<j)a 2 Vj) Aj = 
-6 A'! - (2a 2 Ki - 8A S + 6A' 0>j + ASAj + (v#, fc - h' jk ) A' k (18) 

where the background equations J2]), lO and Q have been used. 2 



2 Note, that in contrast to the scalar field inflation the perturbations of different types (scalar, vector and tensor) do not decouple. The 
reason is very clear: even in the first order in perturbations one can couple vector and tensor quantities to the background fields 
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A. Decaying modes 

The temporal component of the Einstein equations to the leading order is 



(^B 2 + -L (a~ (sAj - ^jSA', 



V \ T ~ ' 3a 2 \~ J V"" J n' 
where the relation A[ — TiAi = aB[ = — ^a 2 VjAi was used. The Eqs. ifTTj) and (|18[l can be further simplified 



(19) 



SA a = -ViAi, (20) 

U" + + ia 2 V tI ^ (b^ + ± (At (SA - ^) ))) ^ 

+<L4" j + \2a?Vj - ^ <5Aj + h' jk A'k = (21) 



and the divergence of Eq. lj2Tj) implies 



+ 2W^j + 4a 2 V,-J- | B 2 *,, + _ ( A, ( M, - -«4 ) ) ] ] A, 



a' 



V \ r,J 3a 2 \ V ft 

+ A x " + ( 2aV/ - — ) A X = 0. (22) 



,3 i 

From the consistency condition (V^SA 11 = 0): 

A x = SA' + 2HSA = (23) 

and 

V/' + 2Ht/>' + 4a 2 Vj^ (b 2 <P + Jjj ^ ^ _ I M A M = 0. (24) 

From Eqs. f20|) and ([23]) we conclude that in the large wavelength limit the temporal SA and longitudinal x 
components of vector fields as well as vector perturbations of the metric Vi are exponentially suppressed. 

B. Tensor- vector mixing 

In the remainder of the section we consider the evolution of only transverse components of the vector fields 5 A = SAj 
weakly coupled to the scalar and tensor perturbations of the metric, such that the coupling can be considered 
perturbativly. 

The vectorial part of Eq. (2T| 

SAj" + ^2a 2 Vj - ^ SAj + h' ]k A' k = (25) 
and the spatial part of the Einstein equations at the leading order 

^ {h!! k + 2Hti lk ) = (-1 (ip"B 2 + 2HB 2 ^ + (AjSAj)") S{ + 2A\ (2HSA k + SA' k )\ , (26) 



can be reduced to 
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a 2 h' k = 2N / (AiSA h ~ ^5^5%) \ , (27) 

where the constant of integration is suppressed by the scale factor and can be ignored. 

It is convenient to rewrite the two relevant equations ([25} and ([27} in terms of B fields and in physical time 
coordinates 

j t (^B i SB k -^B j 5B j Si\+2H^B i SB k -^B j 6B j Si\ = ^h lk (28) 

SB? + 3H5BJ + 2VjSBf = -hik(B k + HB^ . (29) 
In the limit of small mixing between vector fields and gravitational waves the solution of Eq. ([28} reads as 

h ik = 2N (BiSBk - ^BjSBjSl) + 2NH (B t 5B k - ^BjSBjS^ dt + C lk . (30) 

If the constant of integration Cik (which is determined by the initial conditions ) dominates, the evolution of 
gravitation waves resembles the usual freeze-out of the super horizon modes. According to the Eq. ([29} in the small 
coupling limit, the transverse modes SB T change very slowly, but the behavior might change in the long run when 
the second term in Eq. lj30j) . which scales as y/i, begins to dominate. Thus, the spectrum of gravitational waves on 
the very large scales depends crucially on the initial conditions at the horizon crossing. Evaluation of the horizon size 
modes is a challenging task which is beyond the scope of current discussion. 




C. Scalar-vector mixing 

In analogy to the previous subsection we rewrite Eqs. lfT4|) and ([24)1 in terms of B fields in physical time coordinates 

BjSB/ 

< ■ - Mir - -n j | ^u 1 j |v- x 3j?2 ' | = o m ) 

3-ff + 4^ ^ + 4V>0 = 0. (32) 

In the slow-roll regime the scalar perturbation ip varies slowly as a function of physical time. By neglecting the 
time-dependence of the coefficients we can approximate the solution of Eq. ([31)1 as 

V^ oe -^H^ B )* + (BjSBj) , (33) 

where ipo is the initial amplitude of scalar perturbations at the horizon crossing and the second term is obtained from 
Eq. ([29]) in the limit of weak coupling of gravitational waves. The solution of Eq. ([32]) is 

which means that at very large times the scalar perturbation ip s» \B~ 2 (^BjSBj^and (f> » is exponentially sup- 
pressed. 

One should note that the decaying exponent is very small and for realistic scenarios the first term in Eq. (|33"|) 
gives the dominant contribution. For example, the initial spectrum of perturbations in vector inflation with Coleman- 
Weinberg potential is such that ipo w ^ (BiSBi) ^> 9 ^g 2 (BjSBj) and the solution of Eq. (|32"ll is greatly simplified: 

V T o 

<j) ps —B 2 ^. 

V y V 

The slow roll parameter ^-B 2 eventually becomes of order one and the standard evolution of the decoupled scalar 
perturbations proceeds with ip ps 4>, where all of the results of the standard cosmology apply. 
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V. CONCLUSIONS 



The analysis of the cosmological perturbation in models of inflation driven by vector fields proved to be a challenging 
task. One issue was recently raised in [13] where the stability of the longitudinal component was questioned. The 
problem requires a much more detailed examination before definite conclusions could be drawn. In the Appendix 
C we only give some simple arguments which invalidate the conclusions of Refs. (20l . [2l| . and a lot more technical 
analysis will be given elsewhere [2^ |. 

Another issue, which is the main subject of the current paper, is related to non-trivial coupling between scalar, 
vector and tensor modes [ll|. It was shown that the coupling is generically suppressed for the small fields models 
with isotropic backgrounds which were previously proved to be stable to tensor perturbations fT3j. Nevertheless, the 
mixing of the different modes could still lead to detectable correlations of the scalar and tensor modes in the CMB. 
The evolution of the superhorizon scalar modes is weakly influenced by the trace of (BiSBk) , whose traceless part 
sources the tensor perturbations of the metric. At the same time, the temporal and longitudinal components of vector 
fields as well as vector perturbations of the metric remain suppressed throughout the evolution. 

We conclude that the models of vector inflation are viable cosmological scenarios which are compatible with all of 
the experimental tests performed so far. On the other hand, the inflation driven by vector fields could give rise to 
very distinct observational signatures, such as anisotropic expansion, to be tested by future experiments. (Although 
our current analysis was restricted to isotropic backgrounds.) In addition, a possible detection of the correlations 
between scalar and tensor modes of the CMB could indicate the vectorial nature of the inflationary stage. 

Generally, new inflationary models are expected to give a too small tensor-to-scalar ratio. The problem can be 
solved with a nontrivial kinetic term [13], but in the case of vector inflation we have an alternative solution because 
the tensor perturbation can hopefully be enlarged due to the coupling of modes. Of course, some more detailed 
analysis is needed for definite conclusions to be drawn concerning the observational possibilities. However, one can 
also hope to facilitate the tensor mode detection in CMB due to potential correlation with the easily observed scalar 
perturbations. 
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Appendix A: ENERGY-MOMENTUM TENSOR 

The energy momentum tensor for vector inflation was first derived in Ref. [2] 



Tg = -F^F^dl - F a ~' Fg.y + ( 2 



Pi 



dV R 

, 1 

dl 6 



A a A p + V5% 



i (m - Is$r\ a^a, + i (^n - v Q v/3) ^ 7 A- (Ai) 



Most of the terms on the right hand side remain important throughout the evolution and thus, it is instructive to 
obtain exact first order expressions for each of these terms separately 3 

-F^F^ = -i a - 4 (A'* (1 + 2 & - 0)) + - 2A'iSA ,i + h^A^A'^ S% 



o 7 - a- 4 (a' 2 (1 + 2 (rl> - 0)) + 2A l i 5A' i ~ 2A' l 8A . l + //,,,. 



-F^F kl = a^A'Mf^ 



-F l ~<F kl = a" 4 (A'iA' k + 2A\A' k - <f>) + A' t 5A' k - A'.SA^ + A' k 5A^ - A' k 6A 0>i + A'U'jhy) 



VSp = (v+ ^V.i {2^A 2 + Ai (26A i + h^A,))^ S% 



^G° A-<A 7 = i a - 4 (H 2 (-3A? (1 + 2 (V- - <j>)) - (%Aj + 2SA i )) + A 2 {Ship' - 2 A -0)) 



^G°A 7 A 7 = ia- 4 A? (-\ A V* - 2V/, fe - 2W0, fc ) 



g fe 7 



H 2 - 2 — ) (1 + 2(0 - 0)) + 2H (2V>' + 0') + A (0 - 0) + 2^" 



H 2 - 2— (2M 3 + A^) 



+ (V> - 0), ifc + W (% fc} - ft'*) + ^V' {i)fe} - V 4fc + i A fc^ 



21./ ' |) ' ; 



3 In the linearized theory the Einstein tensor is such that (Gf = G l k ), since G\ = g fcM G M i and G^J is diagonal. On the other hand, Tj^y 

is not generally symmetric and (T* ^ T^ n ^) due to the non-symmetric terms (i.e. hijAj A^ ), but the overall sum over 
isotropic configurations of the fields has to be symmetric. 
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(wj + |) A°A k = a" 4 ^2a 2 Vj - ^ A fc (M + ^V;) 

2V, + |) A*A k = a" 4 ((^ - 2a 2 V>) (^Mk + ^{i^ fc} + fcyA fc A,-) 

+ 1 A (2V> - 0) - W (3^ + 0') + 2^ (V - 0) - ) 

i - v°Vo) AiA 1 = a" 4 (ftA, (W^ - A 1 A (1 + 2 - <j>)) - 2H^A 2 + ^ A^ i + \a 2 A V 

+2W 2 A i <L4 i - W (AiMi)' + ^ A 
+ tfhijAiAj - {h t3 A t A )' + ^AiAj A /i; 

v° VkA^A 7 = la" 4 (2HA 2 {4> - 3V0 + 2^ 2 t// + (2^ - 0) + 2 (A^)' - 6W^5^ 

i (D4 - vVfc) A? A, = V 4 ( 2 - 2 ^ 2 ) 4 - 2 ^' 2 - 2A j A" j + 6HAjA'j (1 + 2 - 0)) 

+2HA 2 {-ft - 0') + 2AjA'j (<f/ - 2V-') - 2A 2 ^" + 2A 2 A V 
-2 (AjSAj)" + 6H (AjSAj)' + 4 ^ - 2H 2 ^) AjSAj + 2A j A 

- (fy, A,-i4,)" + 3W (fyjA,^)' + 2 ^ - 2W 2 ^) h jt A j A l + A^Ai A /i 

- (2Afy + 2 AjSAj + hjxAjAx) ^ + (AjA'j - HA 2 ) (V {a} - ti ik )) 
By combining all of these terms together we obtain 

a 4 T° = (^A' 2 + ^n 2 A 2 -HA i A\^(l + 2^-^)-ni ) , A 2 + i,'A i A' i -A' i SA 0ti 

+H 2 A i 5A i + a 4 V + 2a 2 Vj (ipA 2 + A t 5A t + \hijAiA-] - H (A.SA,)' 



+A' i 5A i l + ^A, A SAi + ^H 2 hijAiAj - {h l0 A t A )' + ^h^A'.A'j + ^A,Aj A h, 



a 4 T fe ° = A'iSAf i>k] - ^ - 2a 2 Vj) A k (SA + A t VA - -^A 2 A V k 

+ ( -HAfip + \a i A\ {24, -4>) + l (AiSAA' - HAiSAi + \ (h tJ A t A 3 )' - \uh tl A t A 
\ 6 6 A 



,fc 
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(- jU'J - \n 2 A 2 - l -A,A" 3 + HAjA'j^j (1 + 2 (V - 0)) 
+\a) A (0 + V) + HA 2 ^' + ^AjA'j {(j) 1 - 2^') + A'jMoj- 

o 

+ (HA - A',-) <L4/ - i (AjSAj)" + H {A' j - HAj) 6A 3 + ^A 3 A SA 3 

~ (h jl A j A l )" + X -U (hjiAjAi)' - X -U 2 h jl A,A l + ^A J A l A h jt - \h }l A' ,A' 
+ a A V + 2a 2 Vj {^A 2 + A[SA t )] 5\ - 2A t A k V H (2^ A 2 + A t (2SA l + h h A 3 )) 

+A. t A k (\ A (2tp - 4>)-H (3t// + 0') - 2 — <t> - i>" 
+ - 2a 2 ^/) ^Mfc (1 + 2^) + A' % A' k (1 + 2 (V> - 0)) 

+A',&4' fc + A' fc ^ - (A'Mot + A' k SA 0A ) - (^AjSAj + \h ol A A, 



+-A 3 A' 3 (V {hk} - h' lk ) + —A 2 (V' {i , fc} - ti'ik) + j^A 2 A h ih + A' k A' 3 h ir 

Appendix B: ADIABATIC PERTURBATIONS 

Consider the scalar metric perturbations accompanied by adiabatic modes SAi = fAi. It follows from equations of 
motion that 

V„ (2V a + ~\ A" = (Bl) 

which is simplified in the slow roll limit to 

SA' Q + 2H5A w SAjj = f d Aj. 

This means that we should also allow for 5A ^ perturbations for the consistency relation of Eq. <|B1[) to hold. 
>From Eq. ffl2|) we obtain 

- 2$A\ + (/' - 0' - tf) A'i - A/A, + - SAq'j (B2) 

+iV n A 2 (V» + /) A z + U" + 1 A (0 - 2V) + ft (0' + 3V>') + 20^- J = 0. 

The only terms which are not collinear to Ai are represented by f,ijAj (it originates from ASAj = (SA^^ = 

(fjAi - liAj) ^ and 5A' l . Since it is not possible for f.^A^ - 6A$' « 2H5A^) to be collinear with A\ n) for 
all iV vector fields simultaneously without creating large anisotropies of the background, we conclude that adiabatic 
perturbations can't evolve independently throughout the evolution and must generate rotations of the background 
vectors (One can also check that tensor perturbations can't compensate for f,ijAj term). 4 Nevertheless, as we will 
see, the adiabatic modes play a central role in the evolution of superhorizon (Section IV) and subhorizon (Section III) 
perturbations when the scalar, vector and tensor perturbations are only weakly coupled. 



4 Even with different variations of the length / ( - n ' = — ^ for different vectors the Eq. I)B2|I cannot be satisfied by local perturbations 
without generating rotations. 
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Appendix C: LONGITUDINAL MODE 

Consistency of the full theory of vector inflation is a subject of the ongoing debate mainly due to the tachyonic 
effective mass of the vector fields. In Refs. [13, HH, the authors have noted that the evolution of the longitudinal 
component A, defined as = V AI A + A^, is described by an action with a wrong sign of the kinetic term 5 . As we will 
argue, such separation of the longitudinal component is not generically appropriate in the full theory with gravity. 

First, note that the scalar curvature R contains a surface term with a second time derivative. For the term RA^A^ 
in the action these second derivatives can be integrated out, but after the transformation A^ — ► y M A the higher 
order derivatives are introduced into equations of motion increasing the total number of degrees of freedom. As a 
result, the Ostrogradsky quantization would necessarily lead to ghosts even if the effective mass of the vector fields is 
positive. 

Secondly, the separation of the longitudinal component is not so innocent simply because the "mode" A^ = y M A 
alone does not solve the equations of motion. The arguments of the Ref. [20, 21] refer to a massive vector field in 
Minkowski space-time, where the equations of motion resemble (at the classical level) the three independent wave 
equations for A^s and one constraint for Aq so that the field evolutions are completely under control. 

Possible instabilities could still arise on the quantum level, which is a lot more delicate issue. Due to the broken 
gauge invariance we have to treat our theory only as an effective theory and one should expect the action to be 
modified at high energies. Moreover, when the Hubble scale tachyonic mass comes from the non-minimal coupling 
with gravity, treating the scalar curvature as a constant number is not really justified at the small scales. 

Most importantly, the fields with lower indices A t must have some kind of "instability" simply because they should 
grow due to a purely coordinate effect 0|. This is exactly the type of behavior which was observed in [2l|. In fact, 
the exponential growth of A4 'a determines an exponential decay of Aq which is precisely the behavior we have seen 
in the Section IV. Note also that after changing the variables to Bi's the tachyonic mass disappears from the action, 
although bringing about some new complications like time-dependent coefficients and Lorentz symmetry breaking 
terms. 

A detailed analysis of the stability issues will be provided in a forthcoming article [22T |. 



6 Throughout the paper a different definition of the longitudinal component x was used (See Eq. JSJ). 



